LVI. The electron theory of metallic conduction .—V by Livens, G. H.
Full Terms & Conditions of access and use can be found at
http://www.tandfonline.com/action/journalInformation?journalCode=tphm17
Download by: [University of Tasmania] Date: 04 September 2017, At: 17:11
Philosophical Magazine
ISSN: 1941-5982 (Print) 1941-5990 (Online) Journal homepage: http://www.tandfonline.com/loi/tphm17
LVI. The electron theory of metallic conduction.—V
G.H. Livens
To cite this article: G.H. Livens (1915) LVI. The electron theory of metallic conduction.—V,
Philosophical Magazine, 30:178, 549-559, DOI: 10.1080/14786441008635428
To link to this article:  http://dx.doi.org/10.1080/14786441008635428
Published online: 08 Apr 2009.
Submit your article to this journal 
Article views: 2
View related articles 
1 
~V[. The Electron Theory of ~]ietallie Conduction.~V. 
Bg G. H. Liwz(s ~. 
1. Introduction. 
T I:[E general theories of the conduction of heat and electricity in metals based on the idea that they take 
place, by the free electrons only, has been developed in 
varmus different ways. [n the original theories of Drude t, 
Rieeke :~, and Thomson w the statistical motion of the electrons 
is practically ignored except in so far as to assume that it 
departs but slightly from the distribution of motion in the 
undisturbed steady state. In the theory of Lorentz[] the 
complete specification of the statistical motion of the electrons 
is fundamental. Whereas in the more recent generalization 
of this theory given by Jeans,], Wilson **, Bohr%%, and 
others, a specification not of the velocity distribution but ef 
the momentum distribution is made the basis of all the 
calculations of the theory. 
In the original theories of Lorentz, Thomson, Drude, and 
Wilson, the electrons and atoms of the metal are regarded as 
hard elastic spheres, at least as far as their interaction in 
collision is concerned; but in the mote modern extensions 
developed by Jeans and Bohr it has been found possible to 
dispose of this restricting assumption and to fbrmulate the 
theory equally well for a more general type of metal. 
The object of the present note is to discuss certain aspects 
mainly of the two earlier forms of the theory on the same 
more general basis as that used by Jeans and Wilson. 
Certain preliminary suggestions have already been made 
independently concerning some of the points to be here 
discussed, bja~ their full analytical import has hardly been 
realized: they will, therefore, in the main be repeated 
together with their extension to the more general type of 
theory. 
Communicated by the Author. 
t Ann. d. Phys. Bd. i. p. 566, and ]3d. iii. p. 369 (1900). 
]~ Wied. Ann. ]3d. lxvi.pp. 353, 545, & 1199 (1898), 
w Rapp. d. Congr~s d. Physique, Paris, 1900, tom. iii. p. 138. 
II Prec. Acad. Amsterdam, vol. vii. pp. 438, 585, & 6~4 (1905). 
82 Phil. Mat. June, July 1909. 
~'~ Phil. Mug. Nov. 1910. 
tt ' Studier over Metallernes Elektrontheori,' Dissertation. Copen- 
hagen, 1911. 
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550 Mr. G. I-[. Livens on the Electron 
2. The bases of Lorentz's t]Leory. 
According to Lorentz* the whole theory turns on the 
evaluation of a function f which determines the statistical 
distribution of the motions among the elect.rons in the metvl. 
This flmction is such that in a small volume element round 
the point whose coordinates referred to a definitely chosen 
system of rectangular axes are (x, y, z), the number of 
electrons per unit volume at the time t with their velocity 
components between (~:, V, ~) and (~-!-. d~, v+dv,  ~+d~)is 
,7, y, --, t) dr, 
where dV = d~ d,/d~. 
If  the electrons at the point under consideration are subject 
to action by external fields, the results of which may be 
specified by the accelerations (X, Y, Z) which they impose 
on the typical molecule, the function f is shown to satisty a 
differential equation of the type 
 f+z f. tf Bt" .Bf . +~l<-- + (b -a ) ,  
wherein (b--a)dVdt denotes the increase in the specified 
group of electrons during the next succeeding snmll interval 
dt brought about by tim collisions taking place in this 
interval. 
The main difficulty experienced in the application of this 
equation lies in tile determination of (b--a). The following 
remarks may, however, simplify the general problem in this 
respect. 
If, as we shall first assmne, we may neglect he persistence 
of the velocity of an electron after collision, i~ is clear that 
the velocities of any electron at two instants between which 
it has encountered an atom are wholly independent of one 
another. This means that the distribution of the velocities 
alnong any group of electrons taken each immediately after 
its next collision succeeding the instant t, is entirely inde- 
pendent of the distribution at the instant % and will in 
general be different from it unless indeed the initial distri- 
bution is that specified by Maxwell's law, which is specially 
chosen so as to be unaltered by ~he collisions. A direct 
inference from this point of view is that the distribution of 
velocities among any group of electrons each taken imme- 
diately after its next collision after the instant t, will in fact 
be precisely that specified by Maxwell's law, and is there- 
fore the same independently of the state of the motion that 
* See, ibr example, ~The Theory of Electrons,' pp. 266-273. 
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Theory of ~letallic Conduotlon. 551 
may exist at the time t : in other words, the collisions com- 
pletely obliterate any regularity which existed in the elec- 
tronic motions previous to them. It follows again that the 
number (bdVdt) of electrons which enter the specified group 
during the small interval dt is precisely the same as the 
number which would enter the same group if Maxwell's law 
specified the distribution both before and after the collisions, 
and it might therefore be calculated on this basis. The 
number (adVdt) of electrons leaving the group in the same 
time would then be exactly the same as (bdVdt) if there 
were no external forces or condition gradients in the metal 
to modify the distribution established by the collisions. In 
the more general case, however, it is at once obvious that 
the number 
(a--b) dV dt 
can be calculated as the number of electrons removed by 
collision during the time dt from among the partial group 
of electrons contained in the specified group at the instant t, 
which is the excess of the number in this group at the 
instant t, over and above the number in the same group as 
specified in Maxwell's law. 
The distribution of velocities which is expressed by Max- 
we]l's law may, for the present, be taken to be specified as a 
particular case of the distribution d~scribod above, in which 
f (~:, ~1, ~', x, y, z, t) ------f0 (~:, ~/, ~, x, g, z, t), 
f0 being a previously assigned function of known type. The 
distribution of electronic motions expressed by this function 
fo is the only perfectly chaotic distribution consistent with 
the general dynamical assumptions regarding the collisions 
between the electrons and atoms, any departure from it 
being the result of external forces tending to organize the 
irregularity in the motions. 
The partial group of electrons described above has then 
the number 
~1~ = ( f - - /o )  dV 
per unit volmne with their velocity components in the small 
range dV, and the nmnber of them which is removed by 
collision during the small interval dt is easily calculated by 
a well-known argument, and is 
f -'fo dV dr, 
where I",~ is the mean time of duration of the free path 
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552 Mr. G. H. Livens on tl~e Electron 
motions o6 the electrons of the specified group. In this 
case, therefore, the differential equation above is to be inter- 
preted with 
a- -b= --1 (f--to). 
Tn~, 
If, however, we wish to include the full effect of the 
persistence of the velocities, we must modify this equation in 
some such manner as the following argument indicates. ]t 
is to be noticed that if we neglect he persistence of velocities, 
the average or expected value of any electron moving at any 
time t with velocity (E, ~7, ~') when taken immediately after 
its next collision will be zero; if we do not neglect he per- 
sistence, however, the expected value of the velocity will be 
e(~, ~l, ~), ~ being a factor (a function in general of' the 
resultant, velocity) which measures the persistence. In other 
words, if there were SN electrons moving with this volociLy 
before collision there will still be e~N moving with the same 
velocity after the collisions, one for each electron, have 
taken place. The collisions have thus reduced the number 
of electrons in the group by the factor (l--e) only. It 
follows, then~ by the help of the argument used above that 
(j_f.). Tm 
The argument for this can be put in a slightly more direc~ 
and perhaps more rigorous form*. If the typical collision 
is one in which p is the perpendicular on the initial asymptote 
of the relative path and qf is the azimuth angle of this path, 
then it is easily shown thai 
where 
/ ' - / ($ ' ,  v', 
and (~', V', ~') denotes the velocity of the electron after the 
typical collision. Now if in the most general case we can 
write 
.f=/o (1 + ~), 
and it' also the general dynamical nature of the collision is 
such as to leave the resultant velocity of an electron unaltered, 
then we shall have 
so that then 
* See, for example, O. W. Richardson, Phil. Mag. July 1912. 
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Theo~;7 of JIetallic Conduction. 553 
Now the result obtained above in the more restricted case 
~md the general form of tile function on the left-hand side of 
1he differential equation suggest hat we may take 
~=r (,,) r (5 ,, i'), 
where qb~ is a linear /'unction of (~, V, ~') and qbi a function 
of the resultant velocity. I f  we do this we find at once that 
t,-~= -u/; ~x (~0 ~L0 ~o ,k(P)p dp d,~, 
whence by comparison with tile left-hand side of the 
di0.'erential equation, which is to be equalled to (b--a), the 
general form of 4)1 and qb~ are easily deduced in the form 
which verifies the statement tentatively made above. 
It  follows then that m the most general possible ease if 
-r,,~ is properly interpreted so as to include an account o{ the 
factor ( l - -e)  expressing the persistence of the velocities, we 
may use 
b-a='f~ 
"/'m 
so that the above differential equation may be written in 
Che form 
r3f ?f ~5t'+,~'+r bf /o-f x~+ ~+z5 ~ ?v 3: ?t ,,,, + ~,r ,  + ' -- " 
This is the fundamental differential equation of the theory 
in a form suitable tbr application in the most general ease 
where it is possible to calculate ~'~. A good deal of infor- 
mation can of course be gained in certain general types ot~ 
problem by a mere consideration of dimensiom% but as a 
general rule a full specification of the dynamicat character 
of the collision between an electron and an atom is necessary 
to determine this quantity. We can in many eases make a 
good deal of progress without any special knowledge of ~- .... 
The main restrictions tacitly assumed in the above argument 
are t~rstlr that the metal is isotropic in constitution but no~ 
necessar{'ly in condition, and, secondly, that the ~toms are 
of such eomparat, ively large mass that the collisions of the 
electrons with them are not effective in altering either their 
velocities or the direction of their motion ; this latter condi- 
tion underlies the assumption made above, that the energy of 
an electron is unaltered byeoilision. Mutual collisions between 
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554 Mr. G, H. Livens on the Electron 
the electrons themselves are also presmned to be too in- 
frequent o warrant consideration. The actual bearing and 
import of these assumptions have been elaborately discussed 
by Dr. Bohr in his dissertation already quoted, and tile 
reader may be referred to this beautiful exposition of the 
subject for further information on this point. 
The solution of the above differential equation for tile 
function f is easily obtained, and in the mos~ general possible 
case of the present type of theory it may be written in the 
form 
_~ -~ d~" ~ tl-t 
wherein 
and the suffix is taken to indicate the values of the variable 
functions expressed explicitly in terms of the auxiliary time 
variable t:, which is introduced to denote the integrations. 
To effect his interpretation it is first necessary to integrate 
the six auxiliary differential relations 
d$1 d~li d~l dxl dyl dzl dtl 
X1-  Y1  - -Z l  - -  ~1 - -  Vl - -  ~1 ~ l- 
expressed generally in terms of the auxiliary time variable q, 
introducing as the necessary constants of integration the 
values of the variables at the time t,. On substitution of 
these integrals in X1 we obtain its complete xpression as an 
explicit function of tl; the integration for f is then directly 
effected, maintaining throughout ($, V, ~, x, y, z, t) all 
constant. 
There is perhaps one remark necessary respecting the form 
in which the above solution is written. It is implied in it 
that r is not a function of the time, although it is essentially 
a function of the varying quantity u, velocity of the electron. 
The slight variation of v,~ on this account is, however, 
negligibly small and may safely be left out of account, 
especially considering that, as the final result verifies, Tm 
merely appears as a factor in the already small correction 
term in fi This assumption implies of course that the 
external forces have no direct influence on the collisions 
themselves, which are presumed to be of a comparatively 
short duration. 
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Theory oJ ~]letallic Cond~ctio~. 555 
3. The bases of the I)rude-Thomson theory. 
Tile form of the general differential equation satisfied by" 
the fundamental function and the form of the function itself 
deduced from this equation are susceptible of a very simple 
interpretation in a form which will be of immediate use to 
us. It has already been remarked by Jeans* that the effect 
of the persistence of velocities may simply be interpreted as 
implying that on the average the free path motion of the 
electrons is longer in the ratio 1 : 1--e. We might, therefore, 
obtain a sufficiently effective picture of the electronic motions, 
applicable in all cases where the actual dynamical charac- 
teristics of the collisions are of small importance (that is, 
in all so-called free path phenomena) by imagining that the 
free paths of all the electrons are lengthened in the eorre- 
1 (which may of course be a function of spending ratio ]-~--e 
the velocity), and that the collisions take place as with elastic 
spheres at the ends of these extended paths, so that there is 
no further persistence of the velocity. It follows, therefore, 
that any discussion given in tertns of the simpler theory, 
which assumes the electrons and atoms to be elastic spheres, 
can be immediately generalized to the previous extent by 
the proper choice of ~',,, the mean time of description of a 
free path for an electron with the typical velocity. We shall, 
therefore, confine our renmrks to this simpler case. 
We now turn to a consideration of the alternative but 
necessarily equivalent method of attack in these problems 
which is suggested by Thomson and Drude. This me~hod is 
equally effective in giving in a simple manner the most 
general form for the velocity distribution, although, so far 
as I am aware, it has never previously been used for that 
purpose. 
In terms of the theory which regards the electrons and 
atoms as hard elastic spheres, the fundamental assumption 
underlying the theories of Thomson and Drude is that the 
collisions of the electrons with the atoms completely oblite- 
rate any regularity existing in the statistical motion of the 
electrons, a steady state being attained when the organizing 
effect of the external circumstances is just balanced by the 
disorganizing collisions. The calculations on the basis of 
this theory, therefore, depend essentially on the fact that 
the distribution of velocities among ~ny number of electrons, 
when taken each immediately after its last collision just 
preceding a certain instant, is precisely that specified by 
~* ' Dynamical Theory of Gases.' (Cambridge, 1904.) 
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556 Mr. G. H. Livens on the .Electron 
Maxwell's law. Thus, if we take any group of electrons at the 
instant t and trace each one back for the corresponding time 
-r to its last collision, the distribution of motion among them 
will be precisely that specified by Maxwell's law. This fact 
combined with a knowledge of the motion of the electrons 
during the times % as aflheted by the external field, may be 
used to obtain a form of the instantaneous velocity di~tri- 
bution, and in the following manner. 
We know that if we take any group of" electrons, SN in 
number, all with the same velocity, then the number of them 
which have travelled for a time between T and T+d~- since 
their last collision is 
- ~~ ~:~T 
d~N = 3N e r ..... . 
T m 
Now the nmnber of electrons per unit volume which according 
to Maxwell's law have their velocity components between 
(~, "1, ~) and (~+d~, , ;+d, ,  ~+d~) is 
f0 (8, ,7, ~', ,~, v, :, t) ~v,  
a formula which it will /'or the present purpose be more 
convenient to write in the equivalent form 
F0 (u ~, w, y, z, t) dV. 
Of these electrons the number as above which have travelled 
for the time between ~" and -r+dr since their last collision 
previous to the instant t is 
T 
SN__ F0 e ~'~ - - d ~  dV. 
Now let us examine the motion of one of these electrons. 
I t  starts with the velocity (~, ~, ~') and moves with accelera- 
tion (X, Y, Z ) fo r  the time ~r: if we denote by (~:,, ~t, ~t) 
the components of its velocity at the time t, and (a% yt, zt) 
the coordinates of its position at this same instant, and if 
also we introduce, as in the last paragraph, the auxiliary 
time variable tt, we shall have 
dt 1 --X1, dtl ~-ttl 
dzt~ 
#tl -= ~t, dt~l dtl 
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,tl-=t 
I (X~:~I +YW,  4 Z[q)  dr1, 
whilst 
i tl=t 
x :=x+ ~q dG 
t1=t-r 
with similar expressions for yt and zt : (.v y z) are of course 
the coordinates of the point from which tile electron started. 
We shall write these expressions in the form 
~t-* ~-= u~ + i,, 
x~=X +i~, y~=y+iy, z~=z +i., 
denoting the integrals for the increments of the respective 
quantities by i. 
Bu~ now we may int, erpret the number of' the eleca'ons 
under consideration (SN) in terms of 6heir position and 
velocity coordinates at the time t, so that 
8Nt=SN=~., , , . . . " dr --r r otVt --~,,, xt--~, yt--~y, zt--L-, t--.r) e -G- -d \ .  
I t  is now a fundamental assmnption in this theory that 
the effect of the accelerations produced by the external fields 
is so small that the increments i of the v-wlous quantities 
concerned are all so very small compared with these qwmtities 
themselves, that a sufficient approximation is obtained by 
neglecting second and higher degree terms in these qu,mtities. 
We may therefore write tho above expression for 8Nt in the 
form 
SN,=(Fo_ i .  3Fo, _ ;  8F.,), i 8Fo, ~Fo,_ r~Fo;~ -~d-  
wherein Fo~ = Fo(,U~, xl, yt, =t, t), d ~,:t = d~t d)h d[t. 
If now we kee l) (~:r ~It, ~'t,.vt, yt, zt, t) constant, and inte- 
grate this expression for 8Nt over all values of % we shall 
obtain the complete group of electrons which per unit 
volume round the point (~'t, yt, zt) have velocities between 
@, Vt, ~'t) and (~:t + d(~, ~ + d~,, [t + cl~) at the time t. Th,~s, 
dropping the suOfix t, we have 
7" 
'| bF,, . bFo . bFo , +r e -§ 
9 f - F~ <) \'"g(~/) +*z?~-v +"-~-~j +'z ?t ] %,, 
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558 Mr. G. H. Livens on the Electron 
Remembering the proper significance to be attached to Fo, 
we see at once that this result is, to the order of approxi- 
mation adopted, identical with that given above and obtained 
by Lorentz's method. The two methods thus consistently 
provide the same results in a simple and straightforward 
manner in the most general possible case of the type under 
consideration. 
4. The basis oy the Jeans-lVilson-Bohr theor~t. 
Before concluding this account it may serve some purpose 
to give a short discussion of the fundamental basis of the 
modern extensions of the theory originated by Jeans and 
developed by Wilson and Bohr, at least so far as concerns 
its connexion with the methods of the foregoing paragraphs. 
The new m~thod of attack proposed by Wilson and corrected 
and completed by Bohr, consists in the determination of an 
equation specifying the rate of variation of the aggregate 
momentum of the group of all the electrons per unit volume 
which have their absolute velocities (u) within a specified 
small range between u and u+du.  The equation obtained 
by Bohr can easily be deduced from the results obtained 
above and in the following manner. The differential equation 
satisfied by the function f i s  
We may now remark that the function f dit{ers hut 
slightly fi'om.f0 and by a term which is linear in (X, Y, Z) 
and the condition gradients in the metal, which quantities 
are assumed to be such that squares and products of them 
are negligible under all circumstances. It is, therefore, 
quite indifferent whether we use f or fo in the first six 
terms of the leR-hand side of this equation. ~ow if for 
simplicity we assume, for instance, that 
then 
xaro 5fo -W'o .-~.L 5fo We 
=J; ~ -2~x+x a-7-u ~1 
[ 
+ t(- 2qZ + X ~V - ~- ] j "  
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Theor~j of Metallic Comtuction. 559 
We have therefore 
~).f .f--.fo 
b- /= %. 
[ / '  - qx+.4 
+*7( .,. ) + ... ~ Ae -q~. 
Now multiply both sides of this equation by ~ and then 
integrate the resulting equation over all values of (~:, 7, ~') 
subject o the condition 
u ~ < ~ + ~-" + ~ < (u + d.)~, 
and using, after Bohr, 
u+du 
~he intagration being over the same extension, we ge~ 
dG~iu) G,(u) 4~-mA / - 1. ~A ,3q~ e -% 
which is precisely the equation obtained by Bohr in this 
special ease of the more general principles. 
2'he theory given by Bohr is slightly more general than 
that discussed above, but is apparently tractable only in the 
restricted cases which are included in the present reatment. 
In any ease we may assert hat most of the assumptions on 
which this simpler form of the theory is based are sufficiently 
verified in actual practice to retader the theory as good an 
approximation to the actual facts as it is possible to obtain 
under the present circumstances. 
In conclusion we may thus state that under the usually 
accepted restrictions on which the general theory of tho 
eleetronic motions in a metal is based, the apparently dif- 
ferent modes of treatment which have been suggested for 
dealing with the various problems under review are con- 
sistent with each other, and are in fact reducible all to 
method suggested by Lorentz, which is apparently the more 
fundamental of the three. 
The University, Shetfield~ 
January 28, 1915. 
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